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Abstract
This paper considers the pebbling game on a zig-zag chain

graph of even cycles. A pebbling move on a connected graph G

consists of removing two pebbles from some vertex and adding one

on an adjacent vertex. The pebbling number of a connected graph G,
denoted by f(G), such that any distribution of f(G) pebbles on G

allows one pebble to be moved to any specified but arbitrary vertex
by a sequence of pebbling moves. In this paper we compute the
pebbling number of zig-zag chain graphs of even cycles and show

that they satisfy the two-pebbling property.
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1. Introduction

All graphs in this paper are assumed to be simple, finite, and

undirected. For graph theoretic terminologies we follow the notion
of [1].
A recent development in graph theory, the pebbling game was first
suggested by Lagarias and Saks as a tool for solving number-
theoretical conjecture of Erdos. Chung used this tool to establish
the results concerning pebbling number. In doing so she
introduced the pebbling to the literature [2].

Consider a simple graph G with vertex set V(G) and edge
set E(G). For a graph G, let D be a distribution of pebbles on the
vertices of G. For any vertex v of G, p,, denotes the number of pebbles
on v inD. ForK €& V(G), we denotep(K) =X, cpimp(v). A
pebbling move consists of removing two pebbles from one vertex and
then placing one pebble on an adjacent vertex. In this paper, the letter
v will frequently be used to denote the specified vertex of the graph
under consideration.

Definition 1.1. [2] The pebbling number of a vertex ¥ in G is the
smallest number f(G,v)such that every placement of f(G,v)
pebbles, it is possible to move a pebble to 1 by a sequence of pebbling

moves.

The pebbling number of Gis the smallest number, f(G), such
that from any placement of f(G) pebbles it is possible to move one

pebble to any specified target vertex by a sequence of pebbling
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moves. Thus, f(G) is the maximum value of f(G,v) overall
vertices 7.

Implicit in this definition is the fact that if after moving to a

specified vertex 17 one desires to move to another specified vertex,

the pebbles reset to their original initial distribution. Now, we state

some facts from [3] about f(G).

1. For any vertex ©v of a graph G,f(Gv) =n
wheren = |V (G)].

2. The pebbling number of a graph G satisfies
F(6) = max {29°C) |y (6)|1, where diam(G) is the
diameter of the graph G-

Chung [2] also defined the two-pebbling property of a graph.

Definition 1.2 Let D) be a distribution of pebbles on G, let g be the
number of vertices with at least one pebble. We say that G satisfies
the 2 — pebbling property if for any distribution with more than
2f(G) —q pebbles, it is possible to move two pebbles to any

specified vertex.

This paper is organized as follows. In Section 2, we define the
zig-zag chain graph of even cycles and give some preliminary
results which are used in our main results. In Section 3, we state
and prove our main results of pebbling on zig-zag chain graph of

even cycles.
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2. Preliminaries

We now define the zig-zag chain graph of even cycles and
discuss some results which are useful for subsequent sections.
Definition 2.1. The zig-zag chain graph of even cycles denoted

by ZZ,, is a graph which consists of zig-zag sequence of n even
cycles, €y withk = 3. We have the following vertex set and
edge set of ZZ, forr n even as  follows:

V(zz,)={a,b:1=<i<n(k-1)}u{x,y}and

ir Vit

E(ZZ,)={a,a;,.b;b,:1=<i<n(k—1)—-1}U

{xﬂ'lr xby, ya, Ek—l}’}rbn(k—ll'} U

[ | =
|_'..
4,
o
T

=
|
[
[ —

{ﬂ'i':k+1}— 1bz"ik+ -2 L+ ﬂbj{k+1}+ plsi=
For 1 odd, we have the following vertex set and edge set.

v (zz,)={a.b,: 1 = i < n(k-1)}uU {x.y}and
E(ZZ,) ={a,a,2.bb, s 1 <i=n(k—1)—1}U
{xal,xbi,}ran,:k_ﬂ,}rbn.:k_ﬂ}U

n—1
{ai':k+1}—1bf':k+1}—2’ﬂ’_;l":k+1}b_;l":k+1}+1 1=14,j= T ]
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The Figure 1.1 depicts the graph ZZ;for k = 3.

a a as a6

Figure 1.1.

The reader can easily view that ZZ, has n copies of Cy;, and
label each cycle as C4,C5,..., and C, in order. Here, we present

some results that will be used in the proof of main results.
Theorem 2.2. [4] Let E, be the path with n vertices. Then

) F(B) = 2" and

(2) E, satisfies the 2 — pebbling property.

Theorem 2.3. [4] Let C, denote a simple cycle with n wvertices,
wheren = 3. Then
2k, n(= 2k) is even

(1) f(C.)= 2 lTJH n(= 2k + 1) is odd

(2) The graph C,, satisfies the 2 — pebbling property.
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Observation 2.4. For any given integers m, s and t,

we have 25F8™ — 2tm = plste=Um oot = 2andm,s = 1.
Proof. We have to prove 2 5¥8)m — 2 tm _ plste=im = g
Sincet = Z,taket = t; + landt; = 1.

We have 2 EFtatlim _ oleg+ijm _ plste,jm

— 2'::'._+1}m[25m -1 - zl:s—l}m)

= o(ty+1)mo(s-1)m) (Em 1 1)

SlE—ajm]
pls=1)m)

1
= 0,sincem = land (Em_m_lj-

3.Main Results

In this section, we find the pebbling number of the graph ZZ
and show that ZZ,  satisfies both the 2-pebbling by using
induction. Observation 2.4. is a useful tool for proving the main
results slightly simple. It describes how many pebbles can be
retained on the graph ZZ  after using certain amount of pebbles
by pebbling moves. Before we proceed, we give the following
remarks.
Remark 3.1. Consider a graph G with n vertices and f(G) pebbles
on it and we choose a target vertex v from G. If p, = lorp, = 2,
where uv € E(G), then we can move a pebble to v easily. So we
always assume that p, = 0 and p, = 1 for allur € E(G),
when ¥ is the target vertex.
Remark 3.2. Consider the graph G with n vertices and
2f(G) —q +1 pebbles on it and we choose a target vertex v
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from G. If p, = 1, then the number of pebbles remaining in G is
2f(6)— q = f(G), since f(G) = n andg = n, and hence we
can move the second pebble to v. Let us assume thatp, = 0. If
P, = 2 whereuv € E(G), we move a pebble to v from u. Then
the graph G has at least2f(G)— g + 1 — 2 pebbles,
since f(G) = nandg = n — 1, and hence we can move the
second pebble tow. So, we always assume that p, = 0
and p, = 1forallur € E(G), when v is the target vertex.
Theorem 3.3. In a zig-zag chain graph of even cycles Cy,, denoted by
ZZ with a specified vertex v, the following are true for k = 3.
1. If 2™% U pebbles are assigned to the vertices of the graph ZZ,,,
one pebble can be moved to 7.
2. Let q be the number of vertices with at least one pebble. If there are
all together more than 2(2ntkliy g pebbles, then two
pebbles can be moved to v'.

Proof. We induct on n. It is trivially true for n = 1.

Suppose it is true forn' < n. Letv € C,,1 < t = n, be any
specified vertex of ZZ,. We will first show (1) holds. We consider

the following cases.

Case (1.1): 1 < t < n.

Then the graph can be partitioned into two subgraphs of
ZZ,, say 5; and5, where 5; = ZZ, and 5, = ZZ -, .. Clearly
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v € 5, and p(v) = 0 by Remark 3.1. If at least 261 +1 pabbles
are distributed on 5;, then by induction one pebble can be moved
to v. Therefore we may assume 5; contains at most 28kl g
pebbles. By Observation 2.4 we have remaining at least
20t Uk-1+1 pebbles are distributed on 5, —{e}, where
e € E(5; N 5;). Again by induction, we can move a pebble to v by

using that remaining number of pebbles on 5, U C,.
Case (1.2:t = 1lorn

Let us take v € C,. Now the graph can be partitioned into two
subgraphs of ZZ,, say §; and 5, where 5; = ZZ,_, and
; = ZZ, = C,. Clearly v € §,. We consider the following

possibilities to prove Case (2).

Subcase 1.2(a): 51 does not satisfy the 2 — pebbling property.

Let g4 be the number of vertices in 5; with at least one pebble.
Consider 5, contains at most 2(2""VE-DF1y _ 4 pebbles.
Claim (1) 5;has at least 2 pebbles.

Therefore we have
2mk—1}+1 _ EEEE.:;:—i}.:k—i}ﬂ} _ qu
— zl:n—l}l:k—l}-l'l(zk—l _ zj _|_ ql

_ En':k—ﬂ+1(1_ : )_|_q1

-1
2




A. LOURDUSAMY,]. JENIFER STEFFI 57

"
=

> 220 +25 (1- =) + 4y

= @t +29(1-5) + @

2% Sincek = 3.

I

Hence at least 2¥ pebbles are distributed on S,. Therefore we can

move one pebble to 1.
Subcase 1.2(b): 5, satisfies the 2— pebbling property.

Assume S5, contains at most 2¥—1 pebbles. Let
V(ZZ,) = {x,ay,a,,..., Q=11 Vs Bprg—1ys+ -0 by b1} and let v be
our target vertex. Let Py = a@g....0p 03V
andPg = byb,....b, ;1 v. Note that f(P,) = f(Pg) = 2"~1,
Also 0 < q,q; =< n(k— 1)< 2"% D=2 Tt p_be the number of
pebbles located on x. Define p,. and py, similarly. Let W, and Wg
be the number of pebbles assigned on the vertices of P; and Py
respectively. If either P, or Py has at least 2"%*~ pebbles then we
can reach the vertex v. Therefore assume that W, < 2n(k-1)
andW, < 2™*Y Then remaining pebbles are distributed on the
vertex x. Without loss of generality, we may assume W, = Wj.
Claim(2): "”— +w, = 2nk1)

For suppose not, we have
ZErw, <2t -1
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.["1':4 e Enl:k—i} - 1 - E.

Since Wy = W,

W, + W, < {Enik—i} _1- F’E_x)+ (En(k—i} _q- %x)

— 2nlik-1}+1 . D,
'[.,1,;1 _I_ W_E + p_-;- - Enl:k—ljl'l'l — 2.
This contradicts the total number of pebbles distributed on the

vertices of graph. Hence by claim (2), we can move a pebble to .
This establishes (1).

We will now prove (2). Suppose there are 2(2"* %) — g +1
pebbles assigned to the vertices of the graph ZZ,. We have to
show that two pebbles can be moved to . Assume p,, = 0 by
Remark 3.2. Letv € C,,1 = t = n.

We consider the following cases.

Case (2.1):1 < t < m.

We partition the graph into two subgraphs, say 5; and 5,
where 5, = ZZ, and 5, = ZZ_, Here,

5,US, ® 7Z,,5 NS, % C, and n =t+s5—1  Define
q = q,, T4, — 4, be the sum of occupied vertices of 51, 5; and
C. respectively. Let We and W be defined similarly as in above

case. Suppose W; = 2(2*':"_13'“] — g4, + 1, then we can

move two pebbles to .
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Assume Wy, = 2(28-DHy qs,.
Claim (3): Syhas at least 2(25*~U%1) — s, + 1 pebbles.
Now the remaining number of pebbles is at least
2(2m Iy — g + 1 — (22 V) —g) in S, In
Observation 2.4, puts = 5 — 1
we get, 2t~ m _ gtm 5 o(tds—2)m
= 2™ sincet = 2.
Therefore, by using above calculation we get,
EEEn':k—l:Hl) —g+ 1— (z@rik—ﬂﬂ] — fh‘.)
> 2250 0+1) — qs, + 1 i

Hence we can move two pebbles to 7.
Case (2.2): t = lormn.

Let us take wvE€C,. Let P, = aia,... Qpe-p?  and
Pg = byb,...b,_1yv. We have to move two pebbles to v.
Suppose W, = 22"y — g, +1 or
Wy, = 2(2"% ) — go + 1, then we can put two pebbles to 7.
Therefore we may assume W, = 2[2”“‘_1}] —q, and
Wy < 2(2°* D)~ g5, Suppose W, = 2(2"* D) —gq, +1
and Wy = 2(2°* V71— g_+ 1, then we are done. Therefore
we assume that w, = 22" Uy g +1 or

W, = 20200y g+ 1,
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Now we may fix
227 — g, = W, = 2(2"% V1) — g, + 1, since
q, = 0, still we can move one pebble to v.

Claim (4): p, + Wy = 2(2"* V) — (g + q,) + 1.
P, +Wp = 22" ) — g+ 1 (2(2"% V) - q,)

— z(zn':k—l}+1) _ E[Erz':k—ﬂ)_ (qB + q:rj+ 1
=2(2"" V) — (g5 + q.) + 1

Then we can move additional one pebble to.
Now assume W, = 2[2”':"_13'_1) — q4. Fix W, = 2nk—1)-1
then one pebble can be moved to @,;_1;- Then
W +p, 222" V) —g +1 - (22" ™) —q,)
= 2(2"* D)~ gg) + (2% — g, +1).

Since Wy = Wj, at least 2"~ Y pebbles are in x and using these
pebbles in x we can move one pebble to @,_4;. Recall that
already we put one pebble on &, ;_1y by using the pebbles in P,.
Therefore we can put one pebble to . Then remaining at least
202"y — (g + g )+ 1 pebbles are on Pg U {x}.

b™*=1 and we are done.

Thus we can move two pebbles to
Assume W, = 2"¥ D=1 _1 Now we have to calculate the
pebbles in Pz U {x}.

We have,

W, +p, = 2[2;@(:{—1}“) —g+1-— En':k—l}—l +1
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> 2(2?‘1':?{—1:' _ [:qA + 9s + qx:] +1+ Enl:k—ljl'l'l _
znl:k—ljl—l +1-— g4

= E[Erz':k—l}) _ (qB + q;{:j +14 En':k—l}-l'l _
En':k—l::l—l + 1 _ En':k—l::l—z i

W + p, 2 2(2"% V) — (gg+ q,) +1 + 276D

_zn':k—l}—z 11,

Since Wy, < W, =2™¥ Y"1 _ 1 Therefore we have
W, < 2nleD-1 _ g

Then  remaining rlk-l+l g 41 — 22t 1)
pebbles are in x. Now we can write p, = x; + x,, where x4 and

X, are any two non-negative integers. The reader can easily verify

that, for any distribution belonging to this condition,
we have
X, + W, = 2(2"% V)~ (g, + q,)+ 1 and
Xy + Wy = 2(2"% V) — (g5 +q,) + 1, when q,,q5 and q,,
= 1.
Therefore we can put two pebbles to ¥7. Suppose any one of g4 = 0
or gz = 0, then we can easily move two pebbles to 7. Hence we

are done.
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